Abstract. We use a result of Thaine to give an alternative proof of the fact that, for a prime p > 3 congruent to 3 modulo 4, the component e (p+1)/2 of the p-Sylow subgroup of the ideal class group of Q(ζp) is trivial.
Introduction
Let p > 3 be a prime, ζ p a pth primitive root of 1, and ∆ the Galois group of Q(ζ p ) over Q. Let q = p be a prime and n the order of q modulo p. Assume q ≡ 1 mod p and so n ≥ 2, p(q − 1)|q n − 1, and n|p − 1. Set f = (q n − 1)/p and e = (p − 1)/n. Let Q be a prime ideal of Z[ζ p ] above q and let F = Z[ζ p ]/Q. Thus F ∼ = F q n , the finite field with q n elements. Let α ∈ Z[ζ p ] be a generator of F × such that
Now let A be the p-Sylow subgroup of the ideal class group Q(ζ p ), Z p the ring of p-adic integers, ω : ∆ → Z × p is the Teichmüller character defined by ω(k) ≡ k mod p, and e r , 0 ≤ r ≤ p − 2, the idempotents 1
As A is a Z p [∆]-module, we have the decomposition (see Section 6.3 in [9] )
e r (A).
It is well-known that for r even, 2 ≤ r ≤ p − 3, e r (A) can be identified with the components of the p-part of the ideal class group of Q(ζ p + ζ −1 p ). Vandiver's conjecture says that all even components e r (A) vanish. Via K-theory, Kurihara [5] proved that the "top" even eigenspace e p−3 (A) always vanishes. Kurihara's proof uses the surjectivity of the Chern map [6] extended Kurihara's result and showed the following: Let n > 1 odd. If log p > n 224n 4 , then e p−n (A) is trivial. Our main result is the following. One can use the reflection theorem (see Theorem 10.9 in [9] ) and the class number formula for the imaginary quadratic field Q( √ −p) to prove Theorem 1.1. Precisely, if e (p+1)/2 (A) is non-trivial, then e (p−1)/2 (A) is non-trivial and so (see Section 2 for the definition of v) p | n − 2v; but n − 2v < p, a contradiction. The purpose of this note is to give an alternative proof of Theorem 1.1 which shows that non-trivial eigenspaces lead to representations of certain integers by binary quadratic forms with restrictive divisibility properties on the parameters. It might be of some interest to see if similar vanishing results can be obtained for other even indexed eigenspaces e r (A) by considering an appropriate quadratic form (see (2) of Remark 4.1).
Indices of Cyclotomic Units
We discuss a result of Thaine on congruences involving indices of cyclotomic units. Let us consider the components e p−ln (A) for l odd, 1 ≤ l ≤ e − 1. For r even, 2 ≤ r ≤ p − 3, let
and let i r (Q) be the least nonnegative integer such that
It is well-known that e r (A) is trivial if and only if β r is not the pth power of an element of Z[ζ p ] (see Theorem 15.7 and the discussion preceding Theorem 8.14 in [9] ). In particular, we have the following.
In order to study the indices i r (Q), we need to introduce certain numbers. Let g be a primitive root modulo p. For k ∈ Z, we define
where d i is defined (see (14) in [8] ) as
where the η i 's are the Gaussian periods (0 ≤ i ≤ p − 1)
Here T is the trace from F to F q . Given an integer a, denote by |a| p the smallest nonnegative residue of a modulo p. Then v is given by (13) [8] , namely
Note that v ≥ 1. The following theorem (see Theorem 1 in [8] ) summarizes some properties of the numbers a k and d i and will be useful when considering e p−ln (A).
Theorem 2.2. (i) We have
(ii) The numbers a k satisfy the following congruences: a 0 ≡ −1 mod p, and for l odd (1 ≤ l ≤ e − 1),
Quadratic Forms
Let p > 3 be a prime congruent to 3 modulo 4. In this section, we study the representation of primes by the quadratic form x 2 + py 2 . 
Corollary 3.3. Let p > 3 be a prime with p ≡ 3 mod 4 and h be the class number of Q( √ −p). Then there a prime q = p with
is a solution of the equation
Proof. By Proposition 3.1, there exists a prime q = p such that for the integer solution (u, v) to the equation x(u, v), y(u, v) ) to the equation
4. Proof of Theorem 1.1
Proof. Let p > 3 be a prime with p ≡ 3 mod 4, q = p be a prime of order (p − 1)/2 modulo p, and g a primitive root modulo p. Thus 
By Theorem 2.2, (i),
. We now claim that (p − 1)/2 − 2v = h where h is the class number of Q( √ −p). To see this, note that n = (p − 1)/2 and so e = 2 and l = 1. Thus
As g is a primitive root modulo p, the first sum, say R, appearing in v is
s.
Similarly, the second sum, say V , appearing in v is
By [4] , V + R = (p − 1)/2 and h = V − R. This implies that v = R. Thus R = (p − 1)/4 − h/2 and so
So for every prime q of order (p − 1)/2 mod p, if C and D are integers such that
then we have that p | D. By Corollary 3.3, this is a contradiction. Thus e (p+1)/2 (A) is trivial.
Remark 4.1.
(1) The quadratic form which appears in the proof of Theorem 1.1 has been studied by Stickelberger [7] . His elegant result is as follows: Let −k be a negative fundamental discriminant so that Q( √ −k) is an imaginary quadratic field of discriminant −k and class number h. Assume k = 3, 4, or 8. Let q be a prime such that 
